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Abstract

Therehavebeenmany graph-basedapproachesfor semi-supervisedclas-
si�cation. Oneproblemis thatof hyperparameterlearning:performance
dependsgreatlyon the hyperparametersof the similarity graph,trans-
formation of the graphLaplacianand the noisemodel. We presenta
Bayesianframework for learninghyperparametersfor graph-basedsemi-
supervisedclassi�cation. Given somelabeleddata,which cancontain
inaccuratelabels,we posethe semi-supervisedclassi�cation as an in-
ferenceproblemover the unknown labels. ExpectationPropagation is
usedfor approximateinferenceandthemeanof theposterioris usedfor
classi�cation. The hyperparametersarelearnedusingEM for evidence
maximization. We alsoshow that the posteriormeancanbe written in
termsof thekernelmatrix,providing aBayesianclassi�er to classifynew
points. Testson syntheticandreal datasetsshow caseswherethereare
signi�cant improvementsin performanceover theexistingapproaches.

1 Intr oduction

A lot of recentwork on semi-supervisedlearningis basedon regularizationon graphs[5].
The basicideais to �rst createa graphwith the labeledandunlabeleddatapointsasthe
verticesandwith theedgeweightsencodingthesimilarity betweenthedatapoints.Theaim
is thento obtainalabelingof theverticesthatis bothsmoothoverthegraphandcompatible
with thelabeleddata.Theperformanceof mostof thesealgorithmsdependsupontheedge
weightsof thegraph.Oftenthesmoothnessconstraintson the labelsareimposedusinga
transformationof thegraphLaplacianandtheparametersof the transformationaffect the
performance.Further, theremight be otherparametersin the model,suchasparameters
to addresslabel noisein the data. Finding a right setof parametersis a challenge,and
usuallythemethodof choiceis cross-validation,which canbeprohibitively expensive for
real-world problemsandproblematicwhenwehave few labeleddatapoints.

Most of the methodsignorethe problemof learninghyperparametersthat determinethe
similarity graphandthereareonly a few approachesthataddressthis problem.Zhu et al.
[8] proposelearningnon-parametrictransformationof thegraphLaplaciansusingsemidef-
inite programming.This approachassumesthat the similarity graphis alreadyprovided;
thus, it doesnot addressthe learningof edgeweights. Other approachesinclude label



entropy minimization[7] andevidence-maximizationusingtheLaplaceapproximation[9].

This paperprovidesa new way to learnthe kernelandhyperparametersfor graphbased
semi-supervisedclassi�cation, while adheringto a Bayesianframework. The semi-
supervisedclassi�cation is posedas a Bayesianinference. We usethe evidenceto si-
multaneouslytune the hyperparametersthat de�ne the structureof the similarity graph,
the parametersthat determinethe transformationof the graphLaplacian,and any other
parametersof the model. Closestto our work is Zhu et al. [9], wherethey proposeda
Laplaceapproximationfor learningthe edgeweights. We useExpectationPropagation
(EP),a techniquefor approximateBayesianinferencethatprovidesbetterapproximations
thanLaplace.An additionalcontribution is a new EM algorithmto learnthehyperparam-
etersfor the edgeweights,the parametersof the transformationof the graphspectrum.
More importantly, we explicitly modelthe level of labelnoisein thedata,while [9] does
not do. We provide what may be the �rst comparisonof hyperparameterlearningwith
cross-validationonstate-of-the-artalgorithms(LLGC [6] andharmonic�elds [7]).

2 BayesianSemi-SupervisedLearning

We assumethat we are given a set of datapoints X = f x 1; ::; xn + m g, of which X L =
f x1; ::; xn g arelabeledast L = f t1; ::; tn g andX U = f xn +1 ; ::; xn + m g areunlabeled.
Throughoutthis paperwe limit ourselvesto two-way classi�cation,thust 2 f� 1; 1g. Our
modelassumesthat the hardlabelst i dependuponhiddensoft-labelsyi for all i . Given
thedatasetD = [f X L ; t L g; X U ], thetaskof semi-supervisedlearningis thento infer the
posteriorp(t U jD ), wheret U = [tn +1 ; ::; tn + m ]. Theposteriorcanbewrittenas:

p(t U jD ) =
Z

y
p(t U jy )p(y jD ) (1)

In this paper, we proposeto �rst approximatethe posteriorp(y jD ) and thenuse(1) to
classifytheunlabeleddata.UsingtheBayesrulewecanwrite:

p(y jD ) = p(y jX ; t L ) / p(y jX )p(t L jy )

The term,p(y jX ) is theprior. It enforcesa smoothnessconstraintanddependsuponthe
underlyingdatamanifold.Similar to thespirit of graphregularization[5] weusesimilarity
graphsandtheir transformedLaplacianto inducepriorson thesoft labelsy . Thesecond
term,p(t L jy ) is thelikelihoodthatincorporatestheinformationprovidedby thelabels.

In this paper, p(y jD ) is inferredusingExpectationPropagation,a techniquefor approxi-
mateBayesianinference[3]. In the following subsections�rst we describethe prior and
thelikelihoodin detailandthenweshow how evidencemaximizationcanbeusedto learn
hyperparametersandotherparametersin themodel.

2.1 Priors and Regularization on Graphs

Theprior playsasigni�cant role in semi-supervisedlearning,especiallywhenthereis only
a smallamountof labeleddata.Theprior imposesa smoothnessconstraintandshouldbe
suchthatit giveshigherprobabilityto thelabelingsthatrespectthesimilarity of thegraph.

Theprior, p(y jX ), is constructedby �rst forminganundirectedgraphover thedatapoints.
Thedatapointsarethenodesof thegraphandedge-weightsbetweenthenodesarebased
on similarity. This similarity is usually capturedusing a kernel. Examplesof kernels
include RBF, polynomial etc. Given the datapoints and a kernel, we can constructan
(n + m) � (n + m) kernelmatrixK , whereK ij = k(x i ; x j ) for all i 2 f 1; ::; n + mg.

Letsconsiderthematrix ~K , whichis sameasthematrixK , exceptthatthediagonalsareset
to zero.Further, if G is adiagonalmatrixsuchthatGii =

P
j

~K ij , thenwecanconstructthe



combinatorialLaplacian(� = G� ~K ) or thenormalizedLaplacian( ~� = I � G� 1
2 ~K G� 1

2 )
of thegraph.For brevity, in thetext we use� asa notationfor boththeLaplacians.Both
theLaplaciansaresymmetricandpositivesemide�nite.Considertheeigendecomposition
of � wheref v i g denotetheeigenvectorsandf � i g thecorrespondingeigenvalues;thus,we
canwrite � =

P n + m
i =1 � i v i v T

i . Usually, a transformationr (�) =
P n + m

i =1 r (� i )v i v T
i that

modi�es thespectrumof � is usedasa regularizer. Speci�cally, thesmoothnessimposed
by thisregularizerpreferssoftlabelingfor whichthenormy T r (�) y is small.Equivalently,
wecaninterpretthisprobabilisticallyasfollowing:

p(y jX ) / e� 1
2 y T r (�) y = N (0; r (�) � 1) (2)

Wherer (�) � 1 denotesthepseudo-inverseif theinversedoesnot exist. Equation(2) sug-
geststhatthelabelingswith thesmallvalueof y T r (�) y aremoreprobablethantheothers.
Note, that whenr (�) is not invertible the prior is improper. The fact that the prior can
bewritten asa Gaussianis advantageousastechniquesfor approximateinferencecanbe
easilyapplied. Also, differentchoicesof transformationfunctionsleadto differentsemi-
supervisedlearningalgorithms.For example,the approachbasedon Gaussian�elds and
harmonicfunctions(Harmonic)[7] canbethoughtof asusingthetransformationr (� ) = �
on thecombinatorialLaplacianwithout any noisemodel.Similarly, theapproachbasedin
local andglobalconsistency (LLGC) [6] canbethoughtof asusingthesametransforma-
tion but onthenormalizedLaplacianandaGaussianlikelihood.Therefore,it is easyto see
thatmostof thesealgorithmscanexploit theproposedevidencemaximizationframework.
In thefollowing wefocusonly on theparametriclineartransformationr (� ) = � + � . Note
thatthis transformationremoveszeroeigenvaluesfrom thespectrumof � .

2.2 The Lik elihood

Assumingconditionalindependenceof theobservedlabelsgiventhehiddensoft labels,the
likelihoodp(t L jy ) canbewritten asp(t L jy ) =

Q n
i =1 p(t i jyi ). Thelikelihoodmodelsthe

probabilisticrelationbetweenthe observed label t i andthe hiddenlabel yi . Many real-
world datasetscontainhand-labeleddataandcanoften have labelingerrors. While most
peopletendto modellabelerrorswith a linearor quadraticslackin the likelihood,it has
beennotedthatsuchanapproachdoesnotaddressthecaseswherelabelerrorsarefar from
thedecisionboundary[2]. The�ipping likelihoodcanhandleerrorsevenwhenthey arefar
from thedecisionboundaryandcanbewrittenas:

p(t i jyi ) = � (1 � �( yi � t i )) + (1 � � )�( yi � t i ) = � + (1 � 2� )�( yi � t i ) (3)

Here,� is thestepfunction,� is thelabelingerrorrateandthemodeladmitspossibilityof
errorsin labelingwith a probability � . This likelihoodhasbeenearlierusedin thecontext
of Gaussianprocessclassi�cation[2][4]. Theabovedescribedlikelihoodexplicitly models
thelabelingerrorrate;thus,themodelshouldbemorerobustto thepresenceof labelnoise
in thedata.Theexperimentsin thispaperusethe�ipping noiselikelihoodshown in (3).

2.3 Approximate Infer ence

In this paper, we useEP to obtain a Gaussianapproximationof the posteriorp(y jD ).
Although, the prior derived in section2.1 is a Gaussiandistribution, the exact posterior
is notaGaussiandueto theform of thelikelihood.WeuseEPto approximatetheposterior
asa Gaussianandthenequation(1) canbeusedto classifyunlabeleddatapoints. EPhas
beenpreviously used[3] to train a BayesPointMachine,whereEPstartswith a Gaussian
prior over theclassi�ersandproducesaGaussianposterior. Ourtaskis verysimilarandwe
usethesamealgorithm.In ourcase,EPstartswith theprior de�ned in (2) andincorporates
likelihoodto approximatetheposteriorp(y jD ) � N ( �y ; � y ).



2.4 Hyperparameter Learning

We useevidencemaximizationto learn the hyperparameters.Denotethe parametersof
the kernel as � K and the parametersof transformationof the graphLaplacianas � T .
Let � = f � K ; � T ; � g, where� is the noisehyperparameter. The goal is to solve �̂ =
argmax� log[p(t L jX ; �) ].

Non-linearoptimizationtechniques,suchasgradientdescentor ExpectationMaximization
(EM) canbe usedto optimizethe evidence.Whenthe parameterspaceis small thenthe
Matlab function fminbnd , basedon goldensectionsearchandparabolicinterpolation,
canbeused.Themainchallengeis thatthegradientof evidenceis noteasyto compute.

Previously, an EM algorithmfor hyperparameterlearning[2] hasbeenderived for Gaus-
sianProcessclassi�cation. Usingsimilar ideaswe canderive anEM algorithmfor semi-
supervisedlearning.In theE-stepEPis usedto infer theposteriorq(y ) over thesoft labels.
TheM-stepconsistsof maximizingthelowerbound:

F =
Z

y
q(y ) log

p(y jX ; �) p(t L jy ; �)
q(y )

= �
Z

y
q(y ) log q(y ) +

Z

y
q(y ) log N (y ; 0; r (�) � 1)

+
nX

i =1

Z

y i

q(yi ) log (� + (1 � 2� )�( yi � t i )) � p(t L jX ; �)

TheEM procedurealternatesbetweentheE-stepandtheM-stepuntil convergence.

� E-Step: Given the current parameters� i , approximatethe posteriorq(y ) �
N ( �y ; � y ) by EP.

� M-Step: Update
� i +1 = argmax�

R
y q(y ) log p(y jX ;�) p( t L j y ;�)

q(y )

In the M-step the maximizationwith respectto the � cannotbe computedin a closed
form, but canbesolvedusinggradientdescent.For maximizingthelower bound,we used
gradientbasedprojectedBFGSmethodusingArmijo rule andsimpleline search.When
usingthelineartransformationr (� ) = � + � on theLaplacian� , theprior p(y jX ; �) can
bewrittenasN (0; (� + � I ) � 1). De�ne Z = � + � I then,thegradientsof thelowerbound
with respectto theparametersareasfollows:

@F
@� K

=
1
2

tr (Z � 1 @�
@� K

) �
1
2

�y T @�
@� K

�y �
1
2

tr (
@�

@� K
� y )

@F
@� T

=
1
2

tr (Z � 1) �
1
2

�y T �y �
1
2

tr (� y )

@F
@�

�
nX

i =1

1 � 2�( t i � �yi )
� + (1 � 2� )�( t i � �yi )

where: �yi =
Z

y
yi q(y )

It is easyto show that theprovidedapproximationof thederivative @F
@� equalszero,when

� = k
n , wherek is thenumberof labeleddatapointsdiffering in signfrom their posterior

means.TheEM proceduredescribedhereis susceptibleto localminimaandin a few cases
might be too slow to converge. Especially, whentheevidencecurve is �at andthe initial
valuesare far from the optimum, we found that the EM algorithm provided very small
steps,thus,takinga long time to converge.

Wheneverweencounteredthisproblemin theexperiments,weusedanapproximategradi-
entsearchto �nd agoodvalueof initial parametersfor theEM algorithm.Essentiallyasthe
gradientsof theevidencearehardto compute,they canbeapproximatedby thegradients
of thelowerboundandcanbeusedin any gradientascentprocedure.
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Figure1: Evidencecurvesshowing similarpropertiesacrossdifferentdatasets(half-moon,
oddvsevenandPCvsMAC).Thetoprow �gures (a),(b) and(c) show theevidencecurves
for differentamountsof labeleddataperclass.Thebottomrow �gures (d), (e)and(f) show
thecorrelationbetweenrecognitionaccuracy onunlabeledpointsandtheevidence.

2.5 ClassifyingNewPoints

Sincewe computea posteriordistribution over the soft-labelsof the labeledand unla-
beleddatapoints, classifyinga new point is tricky. Note, that from the parameteriza-
tion lemmafor GaussianProcesses[1] it follows thatgivena prior distribution p(y jX ) �
N (0; r (�) � 1), themeanof theposteriorp(y jD ) is a linearcombinationof thecolumnsof
r (�) � 1. Thatis:

�y = r (�) � 1a where, a 2 IR(n + m )� 1

Further, if the similarity matrix K is a valid kernelmatrix1 thenwe canwrite the mean
directly in termsof thelinearcombinationof thecolumnsof K :

�y = K K � 1r (�) � 1a = K b (4)

Here,b = [b1; ::; bn + m ]T is a columnvectorand is equalto K � 1r (�) � 1a. Thus,we
have that �yi =

P n + m
j =1 bj � K (x i ; x j ). This providesa naturalextensionof theframework

to classifynew points.

3 Experiments

Weperformedexperimentsto evaluatethethreemaincontributionsof thiswork: Bayesian
hyperparameterlearning,classi�cationof unseendatapoints,androbustnesswith respect
to noisy labels. For all the experimentswe usethe linear transformationr (� ) = � + �
eitheron normalizedLaplacian(EP-NL) or thecombinatorialLaplacian(EP-CL).Theex-
perimentswereperformedon onesynthetic(Figure4(a))andon threereal-world datasets.
Two real-world datasetswerethehandwrittendigits andthenewsgroupdatafrom [7]. We
evaluatedthetaskof classifyingoddvsevendigits (15 labeled,485unlabeledandrestnew

1Thematrix K is theadjacency matrix of thegraphanddependinguponthesimilarity criterion
might not alwaysbe positive semi-de®nite.For example,discretegraphsinducedusingK-nearest
neighborsmight resultin K thatis notpositivesemi-de®nite.
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Figure2: Evidencecurvesshowing similar propertiesacrossdifferentparametersof the
model.The�gures (a),(b) and(c) show theevidencecurvesfor differentamountof labeled
dataperclassfor thethreedifferentparametersin themodel.
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Figure3: Error ratesfor different
algorithmsondigits (�rst column,
(a)and(c))andnewsgroupdataset
(secondcolumn(b) and(d)). The
�gures in the top row (a) and
(b) show error rateson unlabeled
pointsandthebottomrow �gures
(c) and(d) on thenew points.The
resultsare averagedover 5 runs.
Non-overlappingof errorbars,the
standarderror scaledby 1.64, in-
dicates95% signi�cance of the
performancedifference.

(unseen)pointsperclass)andclassifyingPCvsMAC (5 labeled,895unlabeledandrestas
new (unseen)pointsperclass).An RBF kernelwasusedfor handwrittendigits, whereas

kernelK (x i ; x j ) = exp[� 1

 (1 � x i

T x j

j x i jj x j j )] wasusedon10-NNgraphto determinesimilar-
ity. Thethird real-world datasetlabelsthelevel of interest(61samplesof high interestand
75 samplesof low interest)of a child solvinga puzzleon thecomputer. Eachdatapoint is
a 19 dimensionalrealvectorsummarizing8 secondsof activity from theface,postureand
thepuzzle.Thelabelsin thisdatabasearesuspectedto benoisybecauseof humanlabeling.
All theexperimentson thisdatausedK-nearestneighborto determinethekernelmatrix.

Hyperparameter learning: Figure1 (a), (b) and(c) plots log evidenceversuskernelpa-
rametersthatdeterminethesimilarity graphsfor thedifferentdatasetswith varyingsizeof
thelabeledsetperclass.Thevalueof � and� were�x edto thevaluesshown in theplots.
Figure2 (a), (b) and(c) plots the log evidenceversusthe noiseparameter(� ), the kernel
parameter(k in k-NN) andthe transformationparameter(� ) for the affect dataset.First,
weseethattheevidencecurvesgeneratedwith very little dataare�at andasthenumberof
labeleddatapointsincreaseswe seethecurvesbecomepeakier. Whenthereis very little
labeleddata,thereis notmuchinformationavailablefor theevidencemaximizationframe-
work to preferoneparametervalueover the other. With morelabeleddata,the evidence
curvesbecomemoreinformative. Figure1 (d), (e)and(f) show thecorrelationbetweenthe
evidencecurvesandtherecognitionrateon theunlabeleddataandrevealthattherecogni-
tion over theunlabeleddatapointsis highly correlatedwith theevidence.Note thatboth
of theseeffectsareobservedacrossall thedatasetsaswell asall thedifferentparameters,
justifying evidencemaximizationfor hyperparameterlearning.
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Figure4: Semi-supervisedclassi�cationin presenceof labelnoise.(a)Inputdatawith label
noise.Classi�cation(b) without �ipping noisemodelandwith (c) �ipping noisemodel.

How goodarethe learnt parameters?Weperformedexperimentsonthehandwrittendig-
its andon thenewsgroupdataandcomparedwith 1-NN, LLGC andHarmonicapproach.
Thekernelparametersfor bothLLGC andHarmonicwereestimatedusingleave oneout
crossvalidation2. Note that both the approachescanbe interpretedin termsof the new
proposedBayesianframework (seesec2.1).Weperformedexperimentswith boththenor-
malized(EP-NL) andthecombinatorialLaplacian(EP-CL)with theproposedframework
to classifythedigits andthenewsgroupdata.Theapproximategradientdescentwas�rst
usedto �nd an initial valueof the kernelparameterfor the EM algorithm. All threepa-
rameterswere learntand the top row in �gure 3 shows the averageerror obtainedfor 5
differentrunson theunlabeledpoints.On thetaskof classifyingoddvs eventheerrorrate
for EP-NLwas14.46� 4.4%,signi�cantly outperformingtheHarmonic(23.98� 4.9%)and
1-NN (24.23� 1.1%).Sincetheprior in EP-NL is determinedusingthenormalizedLapla-
cian andthereis no label noisein the data,we expectEP-NL to at leastwork aswell as
LLGC (16.02� 1.1%). Similarly for the newsgroupdatasetEP-CL (9.28� 0.7%)signif-
icantly beatsLLGC (18.03� 3.5%)and1-NN (46.88� 0.3%)andis betterthanHarmonic
(10.86� 2.4%).Similar, resultsareobtainedonnew pointsaswell. Theunseenpointswere
classi�edusingeq. (4) andthenearestneighborrulewasusedfor LLGC andHarmonic.

Handling label noise: Figure4(a) shows a syntheticdatasetwith noisy labels. We per-
formedsemi-supervisedclassi�cationbothwith andwithout thelikelihoodmodelgivenin
(3) andtheEM algorithmwasusedto tuneall theparametersincludingthenoise(� ). Be-
sidesmodifying thespectrumof theLaplacian,thetransformationparameter� canalsobe
consideredaslatentnoiseandprovidesaquadraticslackfor thenoisylabels[2]. Theresults
areshown in �gure 4 (b) and(c). TheEM algorithmcancorrectlylearnthenoiseparameter
resultingin aperfectclassi�cation.Theclassi�cationwithoutthe�ipping model,evenwith
thequadraticslack,cannothandlethenoisylabelsfar from thedecisionboundary.

Is there label noise in the data? It wassuspectedthat due to the manuallabeling the
affect datasetmight have somelabelnoise.To con�rm this andasa sanitycheck,we �rst
plottedevidenceusingall theavailabledata.For all thesemi-supervisedmethodsin these
experiments,we use3-NN to inducetheadjacency graph. Figure5(a)shows theplot for
the evidenceagainst the noiseparameter(� ). From the �gure, we seethat the evidence
peaksat � = 0:05 suggestingthat the datasethasaround5% of labelingnoise. Figure
5(b) shows comparisonswith othersemi-supervised(LLGC andSVM with graphkernel)
andsupervisedmethods(SVM with RBF kernel)for differentsizesof thelabeleddataset.
Eachpoint in the graphis the averageerror on 20 randomsplits of the data,wherethe
error barsrepresentthe standarderror. EM wasusedto tune � and � in every run. We
usedthe sametransformationr (� ) = � + � on the graphkernel in the semi-supervised
SVM. Thehyperparametersin both theSVMs (including � for thesemi-supervisedcase)
wereestimatedusingleave oneout. Whenthe numberof labeledpointsaresmall, both

2Searchspacefor � (oddvs even)was100to 400with incrementsof 10 andfor 
 (PCvs MAC)
was0.01to 0.2with incrementsof 0.1
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data.(b) Performancecomparisonof theproposedapproachwith LLGC, SVM usinggraph
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Theerrorbarsrepresentthestandarderror. (c) Comparisonof theproposedEM methodfor
hyperparameterlearningwith the resultreportedin [7] usinglabelentropy minimization.
Theplottederrorbarsrepresentthestandarddeviation.

LLGC andEP-NL performsimilarly beatingboththeSVMs,but asthesizeof thelabeled
dataincreaseswe seea signi�cant improvementof the proposedapproachover the other
methods.Oneof thereasonsis whenyou have few labelstheprobabilityof thelabeledset
of pointscontaininganoisylabelis low. As thesizeof thelabeledsetincreasesthelabeled
datahasmorenoisylabels.And, sinceLLGC hasaGaussiannoisemodel,it cannothandle
�ipping noisewell. As thenumberof labelsincrease,theevidencecurve turnsinformative
andEP-NLstartsto learnthelabelnoisecorrectly, outperformingtheotherBoththeSVMs
show competitiveperformancewith morelabelsbut still areworsethanEP-NL.Finally, we
alsotestthemethodon thetaskof classifying“1” vs “2” in thehandwrittendigits dataset.
With 40 labeledexamplesperclass(80 total labelsand1800unlabeled),EP-NL obtained
anaveragerecognitionaccuracy of 99.72� 0.04%and�gure 5(c) graphicallyshows the
gain over theaccuracy of 98.56� 0.43%reportedin [7], wherethehyperparameterwere
learntby minimizing labelentropy with 92 labeledand2108unlabeledexamples.

4 Conclusion
WepresentedandevaluatedaBayesianframework for learninghyperparametersfor graph-
basedsemi-supervisedclassi�cation. The results indicate that evidencemaximization
workswell for learninghyperparameters,includingtheamountof labelnoisein thedata.
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