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Abstract

Therehave beenmary graph-basedpproachefor semi-supervisedlas-
si cation. Oneproblemis thatof hyperparametdearning:performance
dependgreatly on the hyperparametersf the similarity graph,trans-
formation of the graphLaplacianandthe noise model. We presenta
Bayesiarframework for learninghyperparameterf®r graph-basedemi-
supervisectlassi cation. Given somelabeleddata,which cancontain
inaccuratelabels, we posethe semi-supervisedlassi cationasanin-
ferenceproblemover the unknavn labels. ExpectationPropagtion is
usedfor approximateénferenceandthe meanof the posterioris usedfor
classi cation. The hyperparameterarelearnedusingEM for evidence
maximization. We alsoshav that the posteriormeancanbe written in
termsof thekernelmatrix, providing a Bayesiarclassi erto classifynew
points. Testson syntheticandreal datasetshav casesvherethereare
signi cant improvementsn performancesver the existing approaches.

1 Intr oduction

A lot of recentwork on semi-supervisetkarningis basedon regularizationon graphg5].
The basicideais to rst createa graphwith the labeledandunlabeleddatapointsasthe
verticesandwith theedgeweightsencodinghesimilarity betweerthedatapoints. Theaim
is thento obtainalabelingof theverticesthatis bothsmoothoverthegraphandcompatible
with thelabeleddata. The performancef mostof thesealgorithmsdependsipontheedge
weightsof the graph. Oftenthe smoothnessonstraintson the labelsareimposedusinga
transformatiorof the graphLaplacianandthe parametersf the transformatioraffect the
performance.Further theremight be other parametersn the model, suchas parameters
to addresdabel noisein the data. Finding a right setof parameterss a challenge,and
usuallythe methodof choiceis cross-alidation,which canbe prohibitively expensie for
real-world problemsandproblematiovhenwe have few labeleddatapoints.

Most of the methodsignore the problemof learninghyperparameterthat determinethe
similarity graphandthereareonly afew approacheshataddresshis problem.Zhu etal.
[8] proposdearningnon-parametritransformatiorof thegraphLaplaciansisingsemidef-
inite programming.This approachassumeshat the similarity graphis alreadyprovided,;
thus, it doesnot addresghe learningof edgeweights. Other approachesnclude label



entropy minimization[7] andevidence-maximizationsingthe Laplaceapproximatior{9].

This paperprovidesa new way to learnthe kerneland hyperparameterfor graphbased
semi-supervisedlassi cation, while adheringto a Bayesianframevork. The semi-
supervisecdclassi cation is posedas a Bayesianinference. We usethe evidenceto si-
multaneouslytune the hyperparameterthat de ne the structureof the similarity graph,
the parameterghat determinethe transformationof the graphLaplacian,and arny other
parameter®f the model. Closestto our work is Zhu et al. [9], wherethey proposeda
Laplaceapproximationfor learningthe edgeweights. We use ExpectationPropagtion
(EP),atechniquefor approximateBayesiarnnferencethat providesbetterapproximations
thanLaplace.An additionalcontritution is a nev EM algorithmto learnthe hyperparam-
etersfor the edgeweights,the parameter®f the transformationof the graphspectrum.
More importantly we explicitly modelthe level of label noisein the data,while [9] does
not do. We provide what may be the rst comparisonof hyperparametelearningwith
cross-alidationon state-of-the-aralgorithms(LLGC [6] andharmonic elds [7]).

2 BayesianSemi-SupewrisedLearning

We assumehat we are given a setof datapoints X = fXxq;:;; Xn+md, of which X | =
fxq1;:;Xng arelabeledast, = fty;:thgandXy = fXn41 ;i Xn+mg areunlabeled.
Throughouthis papermwe limit oursehesto two-way classi cation,thust 2 f 1;1g. Our
modelassumeshatthe hardlabelst; dependuponhiddensoft-labelsy; for all i. Given
thedataseD = [f X ;t_g; Xy], thetaskof semi-supervisetearningis thento infer the
posteriom(tyjD), wheret, = [tn+1;::;t£+m]. Theposteriorcanbewritten as:

p(tujD) = p(tujy)p(yiD) ()
y

In this paper we proposeto rst approximatethe posteriorp(yjD) andthenuse(1) to
classifythe unlabeleddata.Usingthe Bayesrule we canwrite:

p(yiD) = p(yjX;to) /- plyiX)p(tLjy)
Theterm,p(yjX) is the prior. It enforcesa smoothnessonstraintanddependsiponthe
underlyingdatamanifold. Similar to the spirit of graphregularization[5] we usesimilarity
graphsandtheir transformed_aplacianto inducepriors on the soft labelsy. The second
term,p(t_jy) is thelikelihoodthatincorporatesheinformationprovided by thelabels.

In this paper p(yjD) is inferredusing ExpectationPropagtion, a techniquefor approxi-
mateBayesianinference[3]. In the following subsectionsrst we describethe prior and
thelikelihoodin detailandthenwe shov how evidencemaximizationcanbe usedto learn
hyperparameterandotherparameterin themodel.

2.1 Priors and Regularization on Graphs

Theprior playsasigni cant rolein semi-supervisetkarning,especiallywhenthereis only
a smallamountof labeleddata. The prior imposesa smoothnessonstraintandshouldbe
suchthatit giveshigherprobabilityto thelabelingsthatrespecthe similarity of thegraph.

Theprior, p(yjX), is constructedy rst forminganundirectedyraphoverthe datapoints.
The datapointsarethe nodesof the graphandedge-weightbetweerthe nodesarebased
on similarity. This similarity is usually capturedusing a kernel. Examplesof kernels
include RBF, polynomial etc. Given the datapointsand a kernel, we can constructan
(n+ m) (n+ m) kernelmatrixK , whereK =k(x;i;x;) foralli 2 f1;:;;n+ mg.

Letsconsidethematrix K, whichis sameasthematrix Ifs exceptthatthediagonalsareset
tozero.Furtherif G isadiagonamatrixsuchthatG;; = j K’ , thenwe canconstructhe



combinatoriaLaplacian( = G K)orthenormalized_aplacian(™ =1 G :KG %)
of the graph.For brevity, in thetext we use asa notationfor boththe Laplacians.Both
theLaplaciansaresymmetricandpositive semide nite. Consideithe eigendecomposition

of wherefviBdenotetheeigewectorsandf igthecorrespondiB@igervaIues,thus,we

canwrite = 0™ jviv] . Usually atransformatiom() = " r( i)viv] that

modi es the spect?urmf is usedasaregularizer Speci cally, the smoothnesgmposed
by thisregularizempreferssoftlabelingfor whichthenormy T r () 'y issmall. Equivalently,
we caninterpretthis probabilisticallyasfollowing:

pyiX)/ e 20 Y = N@©;r() ) )

Wherer() ! denoteshe pseudo-inerseif theinversedoesnot exist. Equation(2) sug-
gestshatthelabelingswith thesmallvalueofy Tr() y aremoreprobablethantheothers.
Note, thatwhenr () is notinvertible the prior is improper The factthatthe prior can
be written asa Gaussiaris advantageousstechniquedor approximatenferencecanbe
easilyapplied. Also, differentchoicesof transformatiorfunctionsleadto differentsemi-
supervisedearningalgorithms. For example,the approactbasedon Gaussianelds and
harmonicfunctions(Harmonic)[7] canbethoughtof asusingthetransformation( ) =
onthecombinatorialaplacianwithout ary noisemodel. Similarly, theapproactbasedn
local andglobal consisteng (LLGC) [6] canbethoughtof asusingthe sametransforma-
tion but onthenormalized_aplaciananda Gaussiatik elihood. Thereforejt is easyto see
thatmostof thesealgorithmscanexploit the proposedvidencemaximizationframework.
In thefollowing we focusonly onthe parametridineartransformation( ) = + . Note
thatthis transformatiomemoveszeroeigervaluesfrom the spectrunmof

2.2 The Lik elihood

Assumingconditionalindependencef theobse@d labelsgiventhehiddensoftlabelsthe
likelihoodp(t_jy) canbewrittenasp(t,jy) = i”:l p(tijy;). Thelikelihoodmodelsthe
probabilisticrelation betweenthe obsened labelt; andthe hiddenlabely;. Many real-
world datasetzontainhand-labelediataand canoften have labelingerrors. While most
peopletendto modellabel errorswith alinear or quadraticslackin the likelihood, it has
beennotedthatsuchanapproachdoesnotaddresshe casesvherelabelerrorsarefar from
thedecisionboundary2]. The ipping likelihoodcanhandleerrorsevenwhenthey arefar
from the decisionboundaryandcanbewritten as:

pltijy)= 1 (yi t)+@ H(yi )= +(@Q 2)(vyi t) 3)

Here, isthestepfunction, isthelabelingerrorrateandthe modeladmitspossibility of
errorsin labelingwith a probability . This likelihoodhasbeenearlierusedin the context
of Gaussiamprocesglassi cation[2][4]. Theabove describedik elihoodexplicitly models
thelabelingerrorrate;thus,the modelshouldbe morerohustto the presencef labelnoise
in thedata.Theexperimentdn this paperusethe ipping noiselikelihoodshovnin (3).

2.3 Approximate Inference

In this paper we use EP to obtain a Gaussianapproximationof the posteriorp(yjD).
Although, the prior derived in section2.1 is a Gaussiardistribution, the exact posterior
is nota Gaussiardueto theform of thelik elihood. We useEPto approximatehe posterior
asa Gaussiarandthenequation(1) canbe usedto classifyunlabeleddatapoints. EP has
beenpreviously used[3] to train a BayesPointMachine,whereEP startswith a Gaussian
prior overtheclassi ersandproducesGaussiamposterior Ourtaskis very similarandwe
usethesamealgorithm.In our case EP startswith the prior de nedin (2) andincorporates
likelihoodto approximategheposteriop(yjD)  N(y; ).



2.4 Hyperparameter Learning

We useevidencemaximizationto learnthe hyperparametersDenotethe parameterof
the kernelas  andthe parameterof transformationof the graph Laplacianas .
Let =f x: t; g where isthenoisehyperparameterThe goalis to solve " =
argmax log[p(tLjX; ) .

Non-linearoptimizationtechniquessuchasgradientdescenbr ExpectatiorMaximization
(EM) canbe usedto optimizethe evidence. Whenthe parametespaces smallthenthe
Matlab function fminbnd , basedon goldensectionsearchand parabolicinterpolation,
canbeused.Themainchallengds thatthe gradientof evidenceis not easyto compute.

Previously, an EM algorithmfor hyperparametelearning[2] hasbeenderived for Gaus-
sianProcesglassi cation. Using similar ideaswe canderive an EM algorithmfor semi-
supervisedearning.In the E-stepEPis usedto infer the posteriorg(y) overthesoftlabels.
The M—stepconsistso% maximizingthelower bound:

p(yiX; ) p(tejy;)

F yZ(l(y) log qg)
= a(y)loga(y) +  a(y)logN(y;0;r() %)
ot y
o L qlyi)log( + (1 2)(vyi t)) p(tejX;)

The EM procedurealternatedbetweerthe E-stepandthe M-stepuntil corvergence.

E-Step Given the currentparameters ', approximatethe posteriorg(y)
N(y; y)byEP
M-Step: Update
i+l — P(YjX;) p(toiy;)
"t o=argmax | q(y) log =
In the M-step the maximizationwith respectto the cannotbe computedin a closed
form, but canbe solved usinggradientdescentFor maximizingthelower bound,we used
gradientbasedprojectedBFGS methodusing Armijo rule andsimpleline search.When

usingthelineartransformatiorr( ) = + onthelaplacian ,thepriorp(yjX;) can
bewrittenasN (0;( + 1) ').DeneZ = + | thenthegradientof thelowerbound
with respecto the parametersreasfollows:
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e« "% @) 2 e 2"@c ¥

@ _1 1 LT 1

@ - @h Py Sy ,

@ X 1 20ty

— where:y; = i

@ . +@ 2)(tw y yyq(y)

It is easyto shaw thatthe provided approximatiorof the derivative % equalszero,when

= ., wherek is the numberof labeleddatapointsdiffering in signfrom their posterior
means.TheEM proceduralescribedereis susceptibléo local minimaandin afew cases
might be too slow to corverge. Especially whenthe evidencecurwe is at andtheinitial
valuesare far from the optimum, we found that the EM algorithm provided very small
stepsthus,takingalongtimeto corverge.

Wheneerwe encounterethis problemin theexperimentswe usedanapproximategradi-
entsearchlto nd agoodvalueof initial parameterfor theEM algorithm.Essentiallyasthe
gradientsof the evidencearehardto compute they canbe approximatecy the gradients
of thelower boundandcanbe usedin ary gradientascenprocedure.
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Figurel: Evidencecurvesshaving similar propertiesacrosdifferentdatasetghalf-moon,
oddvsevenandPCvsMAC). Thetoprow gures (a),(b) and(c) shav theevidencecurves
for differentamountof labeleddataperclass.Thebottomrow gures (d), (e) and(f) shav
the correlationbetweerrecognitionaccurag on unlabeledpointsandtheevidence.

2.5 Classifying New Points

Sincewe computea posteriordistribution over the soft-labelsof the labeledand unla-
beled datapoints, classifyinga new point is tricky. Note, that from the parameteriza-
tion lemmafor GaussiarProcessefl] it follows thatgivena prior distribution p(yjX)
N(0;r() 1), themeanof theposteriom(yjD) is alinearcombinationof the columnsof
r() 1. Thatis:

y=r() 'a where, a2 R"*™ 1

Further if the similarity matrix K is a valid kernel matrix' thenwe canwrite the mean
directly in termsof thelinearcombinationof the columnsof K :

y=KK () 'a=Kb (4)
Here,b = [blb':;hﬁm]T is a columnvectorandis equalto K 1r() 'a. Thus,we
have thaty; = J.”zlm b K(xi;X;). This providesa naturalextensionof the framewvork

to classifynew points.

3 Experiments

We performedexperimentdo evaluatethe threemain contritutionsof thiswork: Bayesian
hyperparametelearning,classi cationof unseerdatapoints,androbustnesswith respect
to noisy labels. For all the experimentswe usethe linear transformatiorr ( ) = +
eitheron normalizedLaplacian(EP-NL) or the combinatorialaplacian(EP-CL). The ex-
perimentsnvereperformedon onesynthetic(Figure4(a)) andon threereal-world datasets.
Two real-world datasetsverethe handwrittendigits andthe newsgroupdatafrom [7]. We
evaluatedhetaskof classifyingoddvs evendigits (15 labeled 485 unlabelecandrestnen

ThematrixK is the adjaceng matrix of the graphanddependingiponthe similarity criterion
might not always be positive semi-de®nite.For example,discretegraphsinducedusing K-nearest
neighboranightresultin K thatis not positive semi-de®nite.
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Figure 2: Evidencecurves shaving similar propertiesacrossdifferent parameter®f the
model. The gures (a), (b) and(c) shav theevidencecurvesfor differentamountof labeled

dataperclassfor thethreedifferentparametergn the model.
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(unseenpointsperclass)andclassifyingPCvs MAC (5 labeled 895unlabelecandrestas
new (unseenyointsperclass). An RBF kernelwasusedfor handwrittendigits, whereas

kernelK (xi;x;) = exp[ 1(1 Jf(' al 7)] wasusedon 10-NN graphto determinesimilar-
ity. Thethird real-world datasetabelsthelevel of interest(61 samplesf highinterestand
75 sampleof low interest)of a child solvinga puzzleon the computer Eachdatapointis
a 19 dimensionalealvectorsummarizing8 secondf actiity from theface,postureand
thepuzzle.Thelabelsin thisdatabasaresuspectetb benoisybecaus®f humanlabeling.

All the experimentoon this datausedK-nearesneighborto determinehe kernelmatrix.

Hyperparameter learning: Figurel (a), (b) and(c) plotslog evidenceversuskernelpa-
rameterghatdeterminghesimilarity graphsfor the differentdatasetsvith varyingsizeof
thelabeledsetperclass.Thevalueof and were x edto thevaluesshowvn in the plots.
Figure2 (a), (b) and(c) plots the log evidenceversusthe noiseparameteX ), the kernel
parametexk in k-NN) andthe transformatiorparametel ) for the affect dataset.First,
we seethatthe evidencecurvesgeneratedavith very little dataare at andasthe numberof
labeleddatapointsincreasesve seethe curvesbecomepeakier Whenthereis very little
labeleddata,thereis not muchinformationavailablefor the evidencemaximizationframe-
work to preferone parameteralue over the other With morelabeleddata,the evidence
cunesbecomanoreinformative. Figurel (d), (e) and(f) shav thecorrelationbetweerthe
evidencecurvesandtherecognitionrateon the unlabeleddataandreveal thatthe recogni-
tion over the unlabeleddatapointsis highly correlatedwith the evidence. Note that both
of theseeffectsareobsened acrossall the dataset@swell asall the differentparameters,
justifying evidencemaximizationfor hyperparametdearning.
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Figure4: Semi-supervisedlassi cationin presencef labelnoise.(a) Inputdatawith label
noise.Classi cation(b) without ipping noisemodelandwith (c) ipping noisemodel.

How goodarethe learnt parameters?We performedexperimentsonthehandwritterdig-
its andon the newsgroupdataand comparedvith 1-NN, LLGC andHarmonicapproach.
The kernelparametergor both LLGC andHarmonicwere estimatedusing leave one out
crossvalidatiorf. Note that both the approachesan be interpretedin termsof the new
proposedayesiarframevork (seesec2.1). We performedexperimentswith boththenor
malized(EP-NL) andthe combinatorialLaplacian(EP-CL)with the proposedramevork
to classifythe digits andthe newsgroupdata. The approximategradientdescentvas rst
usedto nd aninitial value of the kernelparametefor the EM algorithm. All threepa-
rameterswvere learntandthe top row in gure 3 shaws the averageerror obtainedfor 5
differentrunsonthe unlabeledboints. Onthetaskof classifyingoddvs eventheerrorrate
for EP-NLwas14.46 4.4%,signi cantly outperformingheHarmonic(23.98 4.9%)and
1-NN (24.23 1.1%). Sincetheprior in EP-NL is determinedisingthe normalizedLapla-
cianandthereis no label noisein the data,we expectEP-NL to at leastwork aswell as
LLGC (16.02 1.1%). Similarly for the newsgroupdataseEP-CL (9.28 0.7%) signif-
icantly beatsLLGC (18.03 3.5%)and1-NN (46.88 0.3%)andis betterthanHarmonic
(10.86 2.4%).Similar, resultsareobtainedon new pointsaswell. Theunseerpointswere
classi edusingeq. (4) andthe nearesheighborrule wasusedfor LLGC andHarmonic.

Handling label noise: Figure4(a) shons a syntheticdatasetwith noisy labels. We per
formedsemi-supervisedlassi cationbothwith andwithoutthelik elihoodmodelgivenin
(3) andthe EM algorithmwasusedto tuneall the parameterincludingthe noise( ). Be-
sidesmodifying the spectrunof the Laplacian thetransformatiorparameter canalsobe
consideredslatentnoiseandprovidesaquadraticslackfor thenoisylabels[2]. Theresults
areshavnin gure 4 (b) and(c). TheEM algorithmcancorrectlylearnthenoiseparameter
resultingin aperfectclassi cation. Theclassi cationwithoutthe ipping model,evenwith
the quadraticslack,cannothandlethe noisylabelsfar from the decisionboundary

Is there label noisein the data? It was suspectedhat due to the manuallabelingthe
affect datasetmight have somelabelnoise. To con rm this andasa sanitycheck,we rst
plottedevidenceusingall the availabledata. For all the semi-supervisethethodsn these
experimentswe use3-NN to inducethe adjacenyg graph. Figure 5(a) shavs the plot for
the evidenceagainstthe noiseparametel ). Fromthe gure, we seethatthe evidence
peaksat = 0:05 suggestinghat the datasethasaround5% of labeling noise. Figure
5(b) shawvs comparisonsvith othersemi-supervisedLLGC and SVM with graphkernel)
andsupervisednethodgSVM with RBF kernel)for differentsizesof the labeleddataset.
Eachpoint in the graphis the averageerror on 20 randomsplits of the data,wherethe
error barsrepresenthe standarderror EM wasusedto tune and in every run. We
usedthe sametransformatiorr( ) = + onthe graphkernelin the semi-supervised
SVM. The hyperparameteri boththe SVMs (including for the semi-supervisedase)
were estimatedusing leave one out. Whenthe numberof labeledpointsare small, both

2Searctspacdor  (oddvs even)was100to 400with incrementf 10andfor  (PCvs MAC)
was0.01to 0.2with incrementof 0.1
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Figure5: (a) Evidencevs noiseparameteplottedusingall the available datain the affect
dataset. The maximumat = 0:05 suggestghatthereis around5% label noisein the

data.(b) Performanceomparisorof theproposedpproactwith LLGC, SVM usinggraph
kernelandthe supervisedsVM (RBF kernel)on the affect datasetwhich haslabel noise.
Theerrorbarsrepresenthestandarderror. (¢) Comparisorof the proposedEM methodfor
hyperparametelearningwith the resultreportedin [7] usinglabel entrofy minimization.
Theplottederrorbarsrepresenthe standardieviation.

LLGC andEP-NL performsimilarly beatingboththe SVMs, but asthe sizeof thelabeled
dataincreasesve seea signi cant improvementof the proposedapproactover the other
methods Oneof thereasonss whenyou have few labelsthe probability of the labeledset
of pointscontaininga noisylabelis low. As the sizeof thelabeledsetincreaseshelabeled
datahasmorenoisylabels.And, sinceLLGC hasa Gaussiamoisemodel,it cannothandle
ipping noisewell. As thenumberof labelsincreasethe evidencecurve turnsinformative
andEP-NL startsto learnthelabelnoisecorrectly outperforminghe otherBoth the SVMs
shav competitive performanceavith morelabelsbut still areworsethanEP-NL. Finally, we
alsotestthe methodon thetaskof classifying“1” vs“2” in the handwrittendigits dataset.
With 40 labeledexamplesper class(80 total labelsand1800unlabeled) EP-NL obtained
an averagerecognitionaccurag of 99.72 0.04%and gure 5(c) graphicallyshavs the
gain over theaccuray of 98.56 0.43%reportedin [7], wherethe hyperparametewere
learntby minimizing labelentrofy with 92 labeledand2108unlabeledexamples.

4 Conclusion

We presente@dndevaluateda Bayesiarframenork for learninghyperparameter®r graph-
basedsemi-supervisedlassi cation. The resultsindicate that evidence maximization
workswell for learninghyperparametersncludingthe amountof labelnoisein the data.
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